Surface-plasmon-polariton (SPP) wave propagation guided by a metal slab in a periodically nonhomogeneous sculptured nematic thin film (SNTF) was studied theoretically. The morphologically significant planes of the SNTF on both sides of the metal slab could either be aligned or twisted with respect to each other. The canonical boundary-value problem was formulated, solved for SPP-wave propagation, and examined to determine the effect of slab thickness on the multiplicity and the spatial profiles of SPP waves. Decrease in slab thickness was found to result in more intense coupling of two metal/SNTF interfaces. But when the metal slab becomes thicker, the coupling between the two interfaces reduces and SPP waves localize to one of the two interfaces. The greater the coupling between the two metal/SNTF interfaces, the smaller is the phase speed.
Introduction
Quasi-particles formed collectively by plasmons and polaritons bound to the interface of a metal and a dielectric material are called surface plasmon-polaritons (SPPs) [1, 2, 3, 4] . Although SPPs are quantum objects, trains of SPPs traveling along the interface are classically viewed as SPP waves. Much recent literature is devoted to the exploitation of SPP waves for diverse technological purposes, including sensing, imaging, and communications [5, 6, 7, 8] .
This technoscientific ferment is due to a resonance phenomenon that arises when the energy carried by photons in the dielectric material is transferred to free electrons in the metal at that interface, and vice versa. Different dielectric materials will become differently polarized on interrogation by an electromagnetic field, thereby enabling a widely used technique for sensing chemicals and biochemicals [5, 7] . Furthermore, SPP imaging systems are used for high-throughput analysis of biomolecular interactionsfor proteomics, drug discovery, and pathway elucidation [9, 10] . SPP-based imaging technology has been successfully applied to the screening of bioaffinity interactions with DNA, carbohydrates, peptides, phage display libraries, and proteins [11] . SPPbased imaging techniques are also going to be useful for lithography [2, 12] . Finally, as SPP waves can be excited in the terahertz and optical regimes, they may be useful for high-speed information on computer chips [13] . Whereas conventional wires are very attenuative at frequencies beyond a few tens of GHz, ohmic losses are minimal for plasmonic transmission [8] which enables long-range communications [14] .
Even a cursory perusal of literature will show that only one SPP wave at a specific frequency is excited along the interface, if the partnering dielectric material is homogeneous. But if this material were to be periodically nonhomogeneous in the direction normal to the interface, the number of SPP waves-of different phase speeds, attenuation rates, and field structures, but the same frequency-can be higher. The material can be isotropic [15] or anisotropic [16, 17] , the latter obviously providing more options due to birefringence [18] . The possibility of exciting multiple SPP waves provides exciting prospects for enhancing the scope of the applications of SPP waves. For sensing applications, the use of more than one distinct SPP waves would increase confidence in a reported measurement; also, more than one analyte could be sensed at the same time, thereby increasing the capabilities of multi-analyte sensors. For imaging applications, the simultaneous creation of two images may become possible. For plasmonic communications, the availability of multiple channels would make information transmission more reliable as well as enhance capacity.
These possibilities are promised by the use of sculptured thin films (STFs) as the partnering dielectric material. STFs are anisotropic and unidirectionally nonhomogeneous thin films whose permittivity profile has been nanoengineered during the physical vapor deposition process [19, 20] . The possibility of multiple SPP waves localized to the single interface of a metal and a periodically nonhomogeneous sculptured nematic thin film (SNTF) has been demonstrated both theoretically [17, 21, 22] and experimentally [23] . An SNTF is a special type of an STF-with a permittivity profile which is sculptured, during physical vapor deposition, only in one plane called the morphologically significant plane [20] . Also, SPP wave propagation along the interface of a metal and a chiral STF has also been shown both theoretically [24] and experimentally [25] to admit more than one type of SPP waves.
A further increase in the number of SPP waves would require the use of multiple parallel metal/dielectric interfaces, which is already established well with isotropic dielectric materials [26, 27, 28] . Pursuing this line of thinking, we decided to solve the canonical problem of wave propagation localized to a sufficiently thin metallic slab inserted in an SNTF. As our supposition was confirmed in a preliminary study [29] , we conducted a full-scale investigation, the details and the results of which are reported here. In Sec. 2, we present the theoretical formulation of the canonical boundary-value problem, where a dispersion equation is obtained. Representative numerical results are discussed in Sec. 3, and concluding remarks are given in Sec. 4 .
An exp(−iωt) time-dependence is implicit, with ω denoting the angular frequency, t the time, and i = √ −1. The free-space wavenumber, the free-space wavelength, and the intrinsic impedance of free space are denoted by k 0 = ω √ ε 0 µ 0 , λ 0 = 2π/k 0 , and η 0 = µ 0 /ε 0 , respectively, with µ 0 and ε 0 being the permeability and permittivity of free space. Vectors are in boldface, dyadics are underlined twice, column vectors are in boldface and enclosed within square brackets, and matrixes are underlined twice and square-bracketed. The asterisk denotes the complex conjugate, and the Cartesian unit vectors are identified asû x ,û y , andû z .
Canonical Boundary-Value Problem
Suppose that the region L − ≤ z ≤ L + is occupied by an isotropic and homogeneous metal with complex-valued relative permittivity scalar ε met . The thickness of the metal slab is denoted by
The regions z ≷ L ± are occupied by the chosen SNTF with periodically nonhomogeneous permittivity dyadic [17, 21] 
where the locally orthorhombic symmetry is expressed through the diagonal dyadic
and the local tilt dyadic
expresses nematicity. Both the relative permittivity scalars ε a,b,c (z) and the tilt angle χ(z) are supposed to have been nano-engineered by a periodic variation of the direction of the vapor flux during fabrication by physical vapor deposition [20, 23] . This periodic variation is captured by the vapor incidence angle [23] 
that varies sinusoidally with z. The third dyadic in Eq. (1) was chosen as
so that plane formed by the unit vectorsû z andû x cos γ ± +û y sin γ ± is the morphologically significant plane for z ≷ L ± . Thus, there is sufficient flexibility in the formulation with respect to the twist γ + − γ − of the two morphologically significant planes. Note that γ + = γ − in our preliminary report [29] , but that restriction was removed for the full-scale investigations reported here.
Without loss of generality, let us choose the direction of SPP-wave propagation in the xy plane to be parallel to the x axis. Accordingly, we set
where κ is a complex-valued scalar.
The axial field components e z (z) and h z (z) can be expressed in terms of the column vector
where one 4×4 matrix
involves the auxiliary quantity
and the other 4×4 matrix
The column vector [f(z)] satisfies the matrix differential equations
and
where the 4×4 matrixes
Equation (13) can be solved straightforwardly to yield
Equation (12) requires numerical solution by the piecewise uniform approximation technique [22, 30] . The ultimate aim is to determine the matrixes Q ± that appear in the relations
to characterize the optical response of one period of the SNTF on either side of the metal slab. Basically, this technique consists of subdividing each period of the SNTF into a cascade of electrically thin sublayers parallel to the plane z = 0, and assuming the dielectric properties to be spatially uniform in each sublayer. A sufficiently large number
, are defined on each side of the metal slab and the matrixes
are calculated for a specific value of κ; then
A sublayer thickness 2Ω/N = 2 nm was adequate for the results reported in Sec. 3. By virtue of the Floquet-Lyapunov theorem [31] , we can define the matrixes [
Both [Q ± ] and [Q ± ] share the same eigenvectors, and their eigenvalues are also related , 4] , be the eigenvector corresponding to the nth eigenvalue
The electromagnetic fields of the SPP wave must diminish in magnitude as z → ±∞. Therefore, in the half-space z > L + , we first label the eigenvalues of [
· A
where A 
where A − 1,2 are unknown scalars. Combining Eqs. (16), (22) , and (23), we obtain a matrix equation which may be rearranged as
For a nontrivial solution, the 4 × 4 matrix M (κ) must be singular, so that
is the dispersion equation for SPP-wave propagation.
Numerical Results and Discussion
A Mathematica TM program was written and implemented to solve (25) to obtain κ for specific values of γ + and γ − . The dispersion equation (25) was solved using the Newton-Raphson technique [33] for three different values of the twist between the morphologically significant planes on either side of the metal slab; we chose
• , and
while γ + was kept as a variable. For each choice, the boundaries of the metal slab were taken to be at L ± = ±7.5, ±12.5, ±25, or ±45 nm. These selections adequately represent the results of our investigation.
The free-space wavelength was fixed at λ 0 = 633 nm for all calculations. The metal was taken to be bulk aluminum (ε met = −56 + 21i). The skin depth of aluminum at the chosen wavelength is ∆ met = Im k 0 √ ε met −1 = 13.24 nm, a quantity of interest in relation to the thickness of the metal slab. The SNTF was chosen to be made of titanium oxide [29, 32] , with
where Figure 1 . Variation of real and imaginary parts of κ/k 0 with γ + , when • − γ + are the same as for γ + . For the thinnest metal slab (L ± = ±7.5 nm), the solutions are organized in five branches which span the entire range of γ + . As the metal slab thickens to 25 nm (L ± = ±12.5 nm), the number of branches does not change, but only four of those branches span the entire range of γ + and one is confined to two metal/SNTF interfaces z = L − and z = L + decreases; ultimately, the two interfaces decouple from each other when the thickness L met significantly exceeds twice the skin depth ∆ met in the metal. The solutions in Fig. 1 can be categorized into three sets. The first set comprises those solutions for which Re[κ/k 0 ] lies between 2.3 and 2.7. This set has two branches when the metal slab is 15-nm thick, both branches spanning the entire range of γ + . As the thickness L met increases, the two branches come closer to each other and eventually merge completely. The second set comprises solutions for which Re[κ/k 0 ] lies between 2.05 and 2.1. It also has two branches when L met = 15 nm, both branches coalescing into one branch as the thickness increases. Complete merger of the two branches of the first set occurs at a value of L met smaller than that for the two branches of the first set. Regardless of the value of L met , solutions in the second set can be found over the entire range of γ + . The third set consists of solutions lying on just one branch (1.85 < Re[κ/k 0 ] < 1.95), but the maximum value of γ + on this branch decreases rapidly from 90
• as L met increases from 15 nm. The foregoing categorization is also meaningful as the spatial profiles of the fields are very similar for both solutions (for a specific value of γ + ) in the first two sets. The same remark can be made for the spatial profiles of the time-averaged Poynting vector
Representative plots of P(0, z) against z are presented in Figs. 2 and 3 for combinations of (i) three values of κ, one from each set, and (ii) two values of γ + . Whereas γ + = 0 was chosen because it represents the propagation of SPP waves in the morphologically significant plane of the SNTF on either side of the metal slab, γ + = 25
• was chosen for the direction of SPP-wave propagation oblique to that plane. Figure 2 shows the spatial profiles of P(0, z) for L ± = ±7.5 nm. The chosen values of κ/k 0 are: (a) 2.6387 + i0.1839, (b) 2.0964 + i0.009997, and (c) 1.9048 + i0.02696 for γ + = 0; and (d) 2.6399 + i0.1848, (e) 2.09285 + i0.00988, and (f) 1.9103 + i0.02405 for γ + = 25
• . In order to determine these profiles, first A + 1 was set equal to unity and then the remaining coefficients were found using Eq. (24) for all κ/k 0 -except for κ/k 0 = 2.0964 + i0.009997, for which A + 2 = 1 was set and the remaining coefficients were found using Eq. (24) . The spatial profiles shown allow us to conclude that (i) the SPP waves are bound strongly to both metal/SNTF interfaces, and
(ii) the power density mostly resides in the SNTF.
Representative calculated values of the penetration depth ∆ ± z of the SPP wave into the metal, defined as the distance along the z axis (in the metal slab) at which the amplitude of the electric or magnetic field decays to e −1 of its value at the nearest metal/SNTF interface z = L ± , are tabulated in Table 1 for L ± = ±7.5 nm. The penetration depths for all SPP waves are ∼ 12.7 nm, which confirms strong coupling of the two metal/SNTF interfaces. This is not surprising since ∆ The spatial profiles of P(0, z) for L ± = ±45 nm are presented in Fig. 3 for six selected values of κ/k 0 identified in the figure caption. These profiles were obtained after A Table 2 . The penetration depths for this case are of the same order as for L ± = ±7.5 nm. As the thickness of the metal slab is 90 nm, it can be safely concluded that the SPP waves propagating on the two metal/SNTF interfaces are not coupled to each other but are propagating independently. Figure 4 . Same as Fig. 1 except that γ − = γ + + 90
• . 
γ
• The real and imaginary parts of κ/k • that satisfies the dispersion equation (25) for
• are given in Fig. 4 as functions of γ
Due to the symmetry of the problem, the solutions for 90
• ± γ + , 180
• ± γ + and 360
• − γ + are the same as for γ + . We found five solutions which span the whole range of γ + for L ± = ±7.5 and ± 12.5 nm. However, when L ± = ±25 and ± 45 nm, only four solutions exist for γ ∈ (37
• , 53
• ]. For the thickest slab considered, we see from comparing the results presented in Fig. 4(d) with those in Fig. 1(d) -which are same as that for a single metal/SNTF interface-that the two metal/SNTF interfaces are actually uncoupled from each other. The solutions in Fig. 4(d) represent SPP-wave propagation guided by a metal/SNTF interface with the direction of propagation in the xy plane either making an angle γ + or γ − with the morphologically significant plane of the SNTF. As in Sec. 3.1, the solutions of the dispersion equation can be categorized into three sets with the same criterions as given in Sec. 3.1. However, in this case, the two branches in either of the first two sets do not merge into one branch as L met is increased. Instead, the two branches remain distinct, each holding for SPP-wave propagation guided by one of the two metal/SNTF interfaces uncoupled from the other metal/SNTF interface. The single branch in the third set actually vanishes for mid-range values of γ + , with the two parts of that branch signifying independent propagation guided by the two metal/SNTF interfaces.
Examination of the field profiles confirms the conclusions made in Sec. 3.1 regarding the effect of the thickness of the metal slab. The asymmetry in the alignment of the morphologically significant planes for z < L − and z > L + is reflected in the spatial profiles of the time-averaged Poynting vector presented in Figs. 5 and 6 for L met = 15 and 90 nm, respectively. Fig. 5 also suggests that the coupling of the SPP-wave is directly proportional to the real part of wavenumber. So slower SPP waves are more strongly coupled to both interfaces. This observation is also confirmed by the spatial profiles of SPP waves when L met = 25 and 50 nm (not shown). Fig. 6 shows the uncoupling of the two metal/SNTF interfaces when the metal slab is sufficiently thick. Figure 7 . Same as Fig. 1 except
The solutions of the dispersion equation (25) for γ − = γ + + 45
• are given in Fig. 7 for
. By virtue of symmetry, the solutions for γ + + 180
• are the same as for γ + . We found that five solutions exist for the entire range of γ + for L ± = ±7.5 nm. When L ± = ±12.5 nm, five solutions exist for γ ∈ [0
Further thickening of the metal to 50 nm (L ± = ±25 nm) yields five solutions for γ ∈ [0
• ). Decoupling of the two metal/SNTF interfaces becomes very pronounced for L ± = ±45 nm, when all solutions found are the same for either (i) a metal/SNTF interface for which the direction of propagation in the xy plane makes an angel γ + with the morphologically significant plane, or (ii) a metal/SNTF interface for which the direction of propagation in the xy plane is inclined at γ + + 45
• to the morphologically significant plane. Similar to Secs. 3.1 and 3.2, the solutions can be grouped into three sets, with the same criterions given in Sec. 3.1. Representative field profiles for 15-nm-and 90-nmthick metal slabs are given in Figs. 8 and 9 , respectively. We selected one value of κ from each set at γ + = 25
• and 150
• . Whereas γ + = 25
• corresponds to the propagation in the xy plane at an angle of 25
• with respect to the morphologically significant plane in the region z > L + and at 70
• in the region z < L − , the analogous angles are 30
• and 15
• , respectively, when γ + = 150
• . Fig. 8 shows that SPP waves are guided by both interfaces of thin metal slab, but the power density profile is asymmetric due to the fact that morphologically significant planes are not parallel to each other in the two regions occupied by the SNTF. Figure 9 shows that when L met = 90 nm, any SPP wave propagates predominantly guided by one of the two metal/SNTF interfaces. We deduce from these two figures that the conclusions drawn in Secs. 3.1 and 3.2 hold true for this case as well, and therefore are general enough.
Concluding Remarks
We formulated and solved a canonical boundary-value problem to examine the characteristics of surface-plasmon-polariton waves guided by a thin metal slab inserted in a periodically nonhomogeneous sculptured nematic thin film. The morphologically significant planes on the two sides of the metal slab could be either parallel to or twisted with respect to each other. When the metal slab is very thin, its two interfaces with the SNTF couple to each other, thereby generating more modes of SPP-wave propagation. As the metal slab thickness, the two interfaces decouple. Finally, the two interfaces of a sufficiently thick metal slab independently guide SPP waves. Acknowledgments. MF thanks the Trustees of the Pennsylvania State University for a University Graduate Fellowship. AL is grateful to Charles Godfrey Binder Endowment at the Pennsylvania State University for partial support of this work.
